INTRODUCTION
Feedback systems are widely used in synchrotrons to introduce corrections in a beam of charged particles in order to suppress their coherent transverse (beta tron) and longitudinal (synchrotron) oscillations. For example, in feedback systems for coherent transverse oscillations, the local correction force that changes the beam trajectory near a damping deflector is propor tional to the local deflection of the center of masses of particles from the equilibrium state, which is mea sured during the passage of a detection device. Thus, the value of correction is proportional to the value of deflection at the time just before the correction. It is experimentally shown that the logarithmic decrement is at its maximum when the phase advance for the coherent mode of oscillatory movement of particles between the points of measurement and correction is a multiple of an odd number of quarter wavelengths of the oscillations. If the detector and the damping deflector are positioned in this way, the maximal deflection at the detector results in the maximal cor rection introduced at the deflector. The speed of the particles corresponding to the oscillation mode is also at its maximum during their passing through the deflector. Hence, for a theoretical description of the oscillation processes in a synchrotron with a feedback system for coherent transverse oscillations, a model "smoothed" approximation that is equivalent to the introduction of an "effective" continuously present damping force proportional to the rate of change of the deflection is used [1, 2] . In other words, the focus ing signals that cause the oscillation process of the beam particles are assumed to be simultaneous with the "effective" correction signals that damp the coher ent oscillations. However, the latter have to be formed by electronic circuits in a feedback loop in such a way that the correction signal of the coherent transverse oscillations damping system is shifted in phase by 90°c ompared to the phase of the signal corresponding to the deflection of the beam in the deflector [2] .
It is shown in the present work that the use of delay differential equations [3] makes it possible to describe in a more general way the beam dynamics in synchro trons with feedback systems in the framework of the "smoothed" approximation when a continuously present correction force is used instead of local damp ing impulses.
MAIN EQUATIONS
Let x be the deviation of a particle from the equilib rium orbit. Then the smoothed equation of transverse dynamics of charged particles in a synchrotron with a feedback system has the following form [4-6]:
(1) where ξ ≡ x is the generalized coordinate of the trans verse motion, T 0 is the period of particle circulation in the synchrotron, Ω ≡ Q 0 ω 0 is the cyclic frequency of betatron oscillations, Q 0 is the number of betatron oscillations per turn, ω 0 = 2π/T 0 is the cyclic fre quency of the particle circulation, g is the feedback coefficient (gain), κ = ±1 is the feedback polarity (positive or negative feedback), and τ > 0 is the time of signal lag in the feedback circuit. It is assumed in Eq. (1) that the beam is injected into the synchrotron at zero time, so the functions of time are defined with τ > 0. This initial condition is arranged for using the Heaviside function u(t -τ) [7] .
The smoothed equation of longitudinal particle dynamics in a synchrotron with a feedback system for small phase oscillations is of the form [8, 9] (2) where ξ ≡ δφ s is the deviation of the particle phase from the synchronous phase, Ω ≡ Ω s = ν s ω 0 is the cyclic fre quency of the synchrotron oscillations, and ν s is the number of such oscillations per turn. This equation holds for small oscillations when ξ Ӷ 1.
Beam Equations (1) and (2) are linear delay differential equations with constant coefficients [3] . Indeed, the focusing force that corresponds to the Ω 2 ξ term depends on the particle's deviation from its equilib rium state at time t and the correction force F(ξ, ; τ) is a function of the deviation, or its rate, at (t -τ), when the deviation is measured by the detector. Other parameters (Ω, T 0 , g) in synchrotron are constant within the magnetic field plateau, or vary slowly enough compared to ξ during the acceleration pro cess. Therefore, these parameters can be considered constant. The delay τ in synchrotrons with feedback system is the time required for the control system to react to an input impulse. It is assumed in the present work that the delay τ is constant.
Let us test the asymptotic stability of solution of equations (1) and (2) for a particle injected into a syn chrotron at initial time t 0 when its initial state is (ξ 0 , ). Since the left hand sides of Eqs. (1) and (2) are calculated at time t and right hand sides of these equations contain argument values at preceding times, in order to construct solutions to Eqs. (1) and (2), the initial function (ξ 0 , ) has to be known for all times t ∈ (t 0 -τ, t 0 ]. Indeed, when t = t 0 , the right hand sides of Eqs. (1) and (2) contain values of ξ at a preceding time that have to be determined. Thus, in order to find solutions to Eqs. (1) and (2) containing the point (t 0 , ξ 0 , ), it is necessary to know the initial set of ini tial values at preceding times. This initial set is called the initial function [3, 10] .
If the initial function is defined, the method of steps (or successive integration method) [3, 10] is typ ically used to find the solution ξ(t). However, to find an approximate solution to delay linear differential equations with constant coefficients and to study its properties, the integral transform method [3] can be used: Laplace transform or one sided Fourier trans form. It should be also noted that solutions with small values of feedback coefficient g are of a practical inter est in accelerator physics. The characteristic equation given by the integral transform method can be studied using successive approximations considering the feedback coefficient g as a small parameter. The method of expansion into powers of a small parame ter is a widely accepted method of finding periodic solutions of quasi linear delay equations [3] , which is ultimately a modification of asymptotic methods of the Krylov-Bogolyubov-Mitropolski (KBM) non linear mechanics [11] .
METHODS OF SOLUTION
Integral Transform Method To reveal the asymptotic stability conditions of solutions of synchrotron beam dynamics equation with feedback, we consider the transverse dynamics (1) as the first example. We use one sided Fourier transform [7] where the contour Γ is closed in the upper semiplane and includes all poles ω r of the analytical function y(ω). After performing one sided Fourier transform for ξ(t) and ξ(t -τ) in (1) Thus the properties of the solution to Eq. (1) fun damentally depend on the phase advance η ≡ Ωτ of the betatron oscillations of the particle moving from the detector to the deflector. The oscillations are being damped if κsinη > 0. This condition can be met in a wide range of frequencies Ω and signal delays τ. Indeed, we have Ωτ = 2πQ 0 τ/T 0 . Since the fractional part of the betatron oscillations number can be esti mated as |{Q 0 }| Ӎ 0.3, then τ < T 0 . The feedback signal can be directed from the detector to the deflector towards the rotating beam particles, and the feedback system elements can be arranged in such a way that |sin η| = 1. In this case the effect of the feedback sys tem on the oscillation process is of a resonance type (ΔQ = 0), as cos η = 0. Thus the optimal mode of the feedback system is achieved when the distance between the observation and correction points equals an odd number of quarter wavelengths, which is a well known result. 
